ABSTRACT To accommodate the increasing penetration level of distributed generators (DGs) in the electrical energy power system, appropriate reactive power control of DGs, which can lead to the voltage profile improvement and power loss minimization, should be addressed. This paper proposed a consensusbased distributed algorithm for the reactive power control of DGs in the power system to optimize the multiobjective function, which includes power loss, voltage deviation, and cost of the reactive power generation of DGs. The formulated problem is proved to be convex. The proposed algorithm is tested on 6-and 34-bus systems to validate its effectiveness and scalability. The proposed algorithm is also compared with the centralized technique particle swarm optimization (PSO), which demonstrates the effectiveness of the proposed distributed algorithm.
I. INTRODUCTION
Distributed renewable energy sources are being deployed rapidly in the electrical energy power system to reduce carbon emission, lower environmental impact and improve energy diversity [1] , [2] and economic dispatch cost [3] . However, integration of DGs poses challenging control issues to the system due to the intermittent nature of the renewable energy sources [4] , [5] . One important issue is the bus voltage deviation from the acceptable limits. As a result, prolonged voltage deviation can cause dire consequences to the equipment connected with deviated voltage source [6] . Active power loss is another important issue which should be minimized. Reactive power generation has been widely used to control the voltage of the buses as well as minimize the power loss in the conventional power system [7] .
When the active power generation by the inverters of DGs is less than their actual power ratings, the remaining capacity of DGs generation may be used to produce reactive power [8] , [9] . The appropriate control of DGs reactive power may result in the improvement of system voltage profile and the loss minimization [10] . However, the optimal injection of reactive power to minimize the power loss and voltage deviation has always been a challenging task, especially for power network with high penetration level of DGs.
Power loss and voltage regulation can be improved in islanded microgrids by uniformly sharing reactive power loads among parallel-connected inverters proportionally. Many power sharing control strategies have been proposed in literature e.g. uniform power sharing among parallel inverters is achieved by selecting controller gains proportionally [11] and a Linear Matrix Inequality (LMI) based decentralized feedback control is designed to achieve power sharing among different generation units [12] . A consensus-based distributed voltage control strategy is proposed in [13] for uniform reactive power sharing in autonomous microgrids with dominantly inductive power lines. Finally, Han et al. [14] reviewed and categorize various power sharing control approaches.
The primary objective of the distributed generator is to produce real power generation, thus, if reactive power generation cost is not included in the objective function, generator may generate unnecessary reactive power generation and thus, will deviate from its primary function of providing real power generation. Therefore, it is suggested to include reactive power cost as one of the term in the minimization objective function. Also, some generators have a limit on the reactive power generation. For such generators, if reactive power cost is not included in the minimization objective function, generator may keep on operating at its maximum reactive power capacity even in the steady state and will not have surplus reactive power generation capacity to handle transient conditions.
According to [15] , during the holidays, a great amount of capacitive reactive power will be injected from generators in East China Grid, which exceeds the maximum regulation capacity of the voltage control methods in the AC grid. To deal with this problem, one of the possible solution to strictly control the reactive power generation and to avoid its overflow from generators in East China Grid is to include reactive power generation cost in the objective function to be minimized. Researchers in [16] investigated the effect of penetration of solar power generation in the power system considering minimization of power loss as an objective function. Penetration of massive renewable energy generation may produce unnecessary reactive power generation if cost of reactive power generation is not included. To address this issue, the reactive power generation cost along with the power loss and operation cost was minimized considering the wind power generation [17] .
MAS are complex systems composed of several autonomous agents with only local knowledge, but are able to interact in order to achieve a global objective [18] . In recent years, consensus-based control theory has been extensively explored in various fields. MAS framework has been adopted by many researchers to describe the communication topology among multi-agents in a physical system. These communication topologies may be different for different physical systems. Some researchers assume that agents can exchange information locally [19] while others may have their own definition of communication topology.
In [20] , authors proposed a fully decentralized control algorithm to minimize the power loss of a microgrid only. They pointed out that the performance of the proposed algorithm without communication might deteriorate noticeably compared to the case with communication. Similar decentralized study to minimize power loss for smart power network is proposed in [21] . In [7] , the authors proposed a cooperative distributed optimization and control technique using local communication to minimize the voltage deviations within a grid connected microgrid. They proved that minimizing the voltage deviation naturally reduced the power loss. However, the power loss is not directly minimized, and the scalability is also not investigated. In [22] , the authors proposed MAS based optimal reactive power control algorithm to minimize the voltage deviation and power loss. It is a generic subgradient control strategy, which requires the information of voltage angle difference between two neighboring buses to calculate the power loss of the system. However, firstly, finding the voltage angle difference requires special techniques [22] , which may lead to lengthy calculations. Secondly, considering the features of power system with high penetration level of DGs, the cost of reactive power generation should be considered. Thirdly, it should be emphasized that all the DGs contribute reactive power uniformly based on their capacities such that none is overloaded.
In this paper, a new distributed algorithm based on MAS framework has been proposed to minimize the power loss, voltage deviation and cost of DGs reactive power generation. To address different DGs capacities and realize equal contribution of reactive power generation, reactive power fair utilization ratio has been introduced and the gradients constructed in this paper, are reduced to be more compact. The opportunity cost of reactive power generation is very important to include in the multi-objective function otherwise reactive power generation may decrease the real power output and it may not accommodate the sudden load changes of the power system. According to the proposed algorithm, each DG is assigned with one agent which communicates with its neighboring agents only and updates its local reactive power generation according to simple rules based on consensus algorithm. The major contributions of the proposed distributed control are summarized as follows:
1) A new algorithm based on MAS framework has been proposed to address multi-objective function: the power loss, voltage deviation and the opportunity cost of DGs reactive power generation, simultaneously.
2) The formulated problem has been given the form of a convex function by shaping it as a quadratically constrained quadratic program (QCQP).
3) The proposed algorithm is distributed in nature as information sharing among neighboring buses only is required to optimize the objective function. VOLUME 6, 2018 4) Consensus algorithm is introduced, which can achieve reactive power fair utilization ratio for all DGs with different capacities. 5) Power system is assumed as fully coupled power system which takes into account effects of voltages and its angles (both local and neighboring) on power loss. The rest of the paper is organized as follows. Section II describes the problem formulation of multi-objective function for DGs' reactive power control. Section III proves that the formulated problem is convex. Proposed MAS based algorithm design is presented in Section IV. Section V discusses the simulation results and Section VI provides the conclusion.
II. PROBLEM FORMULATION
Optimal reactive power control of DGs plays an important role in power system control and operation, which can lead to improved voltage profile, minimal active power loss and cost of controllable reactive power generation. Therefore, the objective function to be optimized is formulized as the combination of three sub-functions.
where W 1 , W 2 and W 3 are the weight coefficients, which describe the preference of the DGs suppliers. P loss , D V and C Q are the power loss, voltage deviation and cost of reactive power generation, respectively. Y ij and θ ij is the magnitude and angle of the Y bus entry, V i , V j and δ i , δ j are bus voltage magnitudes and angles of i and j, respectively. P Gi , P Li are the generation and the load at bus i. P i = P Gi − P Li and Q i = Q Gi − Q Li are the scheduled active/reactive power from bus i, P Gi , P Gi , Q Gi , Q Gi and V i , V i are the minimum and maximum active power ratings of generator i minimum and maximum reactive power ratings of generator i, and upper and lower ratings of bus voltage of i-th bus respectively. The objective function given in (1) can be minimized by using the reactive power control of DGs. However, to address different DGs capacities and realize equal contribution of reactive power generation, utilization ratio α qi is defined as:
where α qi is the reactive power utilization ratio, Q i and Q i are the present and maximum available reactive power generation, S i and P i are the maximum apparent power generation capacity and the real power generation of the DG i, respectively. Unlike traditional dispatchable generators, renewable energy sources, such as solar or wind which are intermittent in nature, are dynamic. Reactive power bounds of DGs are determined by using power triangle equation (2) where apparent and real power are measured or predicted for renewable sources and reactive power bounds are then calculated. Reactive power fair utilization ratio is included in the formulation of ORPC so that every distributed generator should be equally loaded in terms of reactive power generation. If reactive power fair utilization is not included, some distributed generators may operate at its maximum reactive power generation capability which may not produce any further reactive power to deal with sudden load changes or other disturbances.
The first term of Eqn. (1) is related to the active power loss, which can be derived as [1] , [22] :
Eqn. (3) can be simplified in polar form as
where G ii is the conductance of the Y ii . In power system, total active power generation is either consumed by the loads or wasted in the form of losses, hence, the total power loss P Loss can be obtained by taking the summation of Eqn. (4) on both sides for all buses as [23] 
The second term of the objective function, which is the voltage deviation between voltage magnitude and its reference
where V * i is the reference voltage for bus i. The third term of the objective function, the cost of reactive power generation, is simply approximated as [24] , [25] :
where k i is the cost coefficient for reactive power generation.
To optimize (1), a consensus based gradient approach is proposed which requires the gradient of the objective function. The gradient of the objective function w.r.t state variable α qi can be determined as follows
Using the chain rule for the partial derivative, gradient for power loss can be expanded as
It should be emphasized here that usually in AC power flow, the effect of V i on P i and δ i on Q i is ignored. Known as decoupled power flow, it is a very strong assumption and it cannot be ignored especially when the resistance of the transmission line is not negligible [26] .
As shown in Eqn. (10), the gradient of power loss w.r.t α qi can be calculated as the sum of four terms, where the first term is determined as follows
There are three possible combinations for Eqn. (11) [22] .
Eqn. (12) can be further simplified as Eqn. (13) ∂P loss
According to Eq. (4), multiplying and dividing by V i on both nominator and denominator of right side of Eqn. (13) makes
∂V i /∂Q i can be derived from the following [7] .
where Q Gi , Q Di are the reactive power generation and load at bus i, and Q i is the scheduled reactive power from bus i, Eqn. (15) can be expanded as
The right hand side of Eqn. (16) can be easily rewritten as
The nominator on the right hand side of Eqn. (17) can be replaced by Q i , according to Eqn. (15) .
For second term of gradient of power, as P loss is calculated for the whole system, ∂P loss /∂V j will have the same relation as ∂P loss /∂V i but j will have different neighbors than i
According to Eqn. (4), multiplying and dividing by V j on both nominator and denominator of right side Eqn. (19) , makes
Similarly, ∂Q i /∂V j can be determined as follows
The second term of gradient of power loss with respect to voltage becomes as
Next, the third term can be determined as follows
Eqn. (23) can be further simplified as
According to Eqns. (15), Eqn. (24) is rewritten as
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Now, ∂δ i /∂Q i can be calculated from Q i
According to Eqn. (4), Eqn. (26) becomes
Last term of gradient of power loss can be determined as follows
According to Eqn. (15), Eqn. (28) becomes as
Thus, last term of gradient of power loss will be
∂Q i /∂α qi can be derived from Eqn. (2) as
The derivative of D V w.r.t state variable α qi can be determined as follows
where
∂V i /∂Q i and ∂Q i /∂α qi can be obtained from Eqn. (18) and (32), respectively. Thus, the gradient of voltage deviation is given as
The derivative of the cost w.r.t. α qi is calculated as
Finally, all the terms in Eqn. (9) are known, and Eqn. (9) can be obtained as
It is worthy to note that only admittance of the transmission line connecting two buses and local information, such as bus voltage, voltage reference, reactive power capacity, are required to calculate the gradient. No global parameter of the power system is required.
III. CONVEXITY ANALYSIS
To express problem (1) as a quadratic cone quadratic programming (QCQP), constraints (1a) and (1b), jointly, can be reformulated as Branch Injection Model (BIM) of power flow, defined by Kirchhoff's laws as given as [27] 
where S represents the apparent power, → represents the complex quantity and H represents its Hermitian. Eqn. (38) can be rewritten in terms of current injection from bus i as:
where e i is the n-dimensional vector with 1 in the i th entry and 0 elsewhere. Here, I = Y V , hence, Eqn. (39) can be rewritten as:
where Y i := e i e H i Y is an n × n matrix with its i-th row equal to i-th row of Y matrix and all other rows equal to zero. Hermitian and skew Hermitian components of Y H i and Y H are defined as:
Using (41), (1a) and (1b) can be reformulated as:
Let J i := e i e H i denote the Hermitian matrix with a single 1 at (i, i) th entry and 0 elsewhere, problem formulation (1) can be written as QCQP:
Even though different sets of equations define the optimization model (1) and (43) in terms of their own variables, yet both are models of the Kirchhoff's laws and both mathematical models are equivalent in the precise sense, which means any result in one model is derivable in the other [27] . In this paper, we expressed the OPF problem as QCQP using BIM. In the similar work, some other authors have attempted to express their optimization model as Semidefinite Programming (SDP) [28] or Second Order Cone Problem (SOCP) [29] , depending on their own applications.
IV. PROPOSED DISTRIBUTED ALGORITHM
Each bus is equipped with a bus agent (BA) responsible for obtaining the local measurement of four state variables of P i , Q i , V i &δ i and exchanging the information with its neighboring agents. The communication network for the MAS framework is designed in such a way that two neighboring agents (NA) communicate with each other only if their corresponding buses are electrically coupled. In addition, each DG bus is attached with a Reactive Power Control Agent (RPCA) which receives information from BA and decide its control output. Communication of state variables among various buses is graphically explained in Fig. 1 and pseudo code of the control algorithm is described in Table. 1 The stability proof of the auxiliary voltage controller is similar to (27) - (36), which has been abbreviated here. The reactive power utilization ratio of every bus in the power system is discovered iteratively as follows
where ε is the step size that can be adjusted to control the converging speed, d ij is designed as [30] .
Algorithm 1 Pseudo Code Describing the Implementation of the Proposed Algorithm
Step I: Initialization a. Initialize variables at flat start:
are taken from local measurement and prediction. b. Initialize Utilization Ratio
Step II: Update Process Calculate utilization ratio and DGs reactive power generation update procedure following steps (1)- (7) 1) where n i and n j are the numbers of agents connected to agents i and j, respectively. N i denotes neighboring agent set of agent i
The utilization ratio will be updated iteratively for a given number of iterations, which is predetermined by the size and connectivity of the power system, until an optimal solution of the objective function is achieved.
V. SIMULATION STUDIES
In this section, several case studies are presented to exhibit the effectiveness of the proposed distributed control algorithm.
A. CASE STUDY 1: 6-BUS SYSTEM
The proposed algorithm is applied to 6-bus radial power network as shown in Fig. 2 , in which bus 1 is a slack bus, attached to the main grid. Three DGs with reactive power ranges -0.30 to 0.56 MVAR, -0.45 to 0.75 MVAR and -0.35 to 0.60 MVAR are attached at bus 4, 5 and 6 respectively. Reactive power generation from these DGs is utilized to minimize VOLUME 6, 2018 the power loss and voltage deviation of the system, taking the reactive power generation cost into account simultaneously. Reference voltages for 6 buses is assigned as 1.04, 1.03, 1, 1, 1, and 1 in an ascending order.
Usually, weights for multi-objective function are determined by specific applications and the method of finding weights may vary for each specific problem. In our paper, three sub-functions are determined in different units: power loss and voltage deviation are determined in p.u. while reactive power cost is calculated in dollars. In order to give equal contributions to each of the three sub-functions, reactive power cost weight coefficient is divided by 10 2 to convert it into p.u. As voltage deviation is formulated by taking the square of voltage difference, its value will be of the order 10 2 . Therefore, weight coefficient to the voltage deviation is given as of the order of 10 2 to give equal contributions from each sub-function. Three sub-objective functions: power loss, voltage deviation and reactive power cost are weighted as 3.5, 150 and 0.28 respectively. However, the weight coefficients can be changed to any value depending on DGs suppliers' preferences.
In the first scenario, the gradient of power loss is calculated including cos(δ ij ) and results are shown in shown in Fig. 3 . In the second scenario, the gradient of power loss is simplified by ignoring the bus angle difference between two neighboring buses as shown in Fig. 4 . Both Figs. 3 (a-d) & 4(a-d) exhibit the update of objective functions, reactive power generation, fair utilization ratio and voltage of the non-PV bus buses, respectively. To test the effectiveness of the proposed algorithm, an event sequence of load demand variation is introduced in the existing power system as given in Table. II. The objective function, along with its individual sub-functions, converges to their optimal value before 10 th iteration. When reactive power load demand rises at 25 th iteration, it is compensated by the reactive power generation sources at bus 4, 5 and 6th buses as evident from Fig. 3(b & c) . Similarly, change in real power load and decrease in reactive power load is counteracted by their respective generators.
It is important to note that proposed algorithm strives to attain the reference voltages of the load buses immediately after the abrupt load changes take place on the energy system as shown in Fig. 3(d) . Another important observation is to spot the behavior of the power loss in case of abrupt real power load changes. Increase/decrease of real power demand means flow of higher/lower current through lines, which increases/decreases the power loss on the lines as evident from Fig. 3(a) . As included in the chapter II of formulation, each DG should contribute reactive power uniformly based upon its available capacity. Thus, Fig. 3(c) manifests that the reactive power utilization ratio (α) converges to a common value of 0.47 for every DG till 25 th iteration, before any load change occurs. Fig. 4 shows the simulation results of the second scenario: the angle differences between two neighboring buses are approximated to zero. Comparing of Fig.3 and Fig.4 shows that no significant difference between the two graphs is observed. After analyzing both the results closely, it is found that with approximation of cos(δ ij ) = 1, it conforms to the original value with a small error of only 0.22%. According to [22] , special techniques are required to obtain the information of angle differences, which may make the online application very complicated and computationally expensive. From authors 'work, it is concurred that making approximation of cos(δ ij ) = 1 is a valid approximation and angle difference may be approximated to zero when the system is operating in the steady state condition.
To authenticate the efficacy of the proposed distributed algorithm, it is compared with centralized control technique of PSO [31] . The adopted PSO uses 20 particles and converges at 28 th iteration, which means 560 calculations in total. It is noticed that results obtained from the both approaches are identical. Table III is Voltage angle differences of lines in the 6-bus radial system is shown in Fig. 5 . The angle difference changes during the load changing condition and gets restored to its previous state immediately when the external loading is removed. 5 shows that voltage angles changes much more in case of real power load change than that of reactive power load change. It is also clear from the magnitude of angle differences is close to zero and has very limited effect on the optimal solution of the proposed distributed algorithm. Thus, angle difference can be approximated to zero, which can reduce the computational burden of the controller and make the algorithm fast. Measuring the angle difference slows down the convergence rate of the algorithms and incurs an additional computational cost on the controller. It is clear from the graph that angle difference is small and the proposed algorithm may not require its measurement for decision of the control action. This substantiates the assumption of considering cos(δ ij ) = 1 and validates the claim that the algorithm can provide comparable results to the one without an approximation.
B. DISCUSSION OF THE REACTIVE POWER GENERATION COST
To analyze the importance of including reactive power generation cost, numerical results with different weights of the reactive power generation cost for the 6-bus system are presented Figs. 6(a)-(c) show the profiles for reactive power generation cost, power loss and voltage deviation without multiplying the weight coefficients, respectively. It shows that by increasing the weight coefficient for reactive power cost generation, reactive power generation becomes expensive and thus the proposed algorithm reduces the reactive power generation to minimize the overall objective function as evident from Fig. 6(a) . Higher is the weight coefficient, lower is the total reactive power generation cost. However, on the other hand, effect of increasing reactive power cost coefficient may not change the power loss and voltage deviation significantly. Figs. 6(b), (c) shows that power loss and voltage deviation converge to almost the same value. Thus, it is recommended to include reactive power generation cost in the objective function for efficient, reliable and costeffective operation of power system.
C. CASE STUDY 2: 34-BUS SYSTEM
A 34-bus radial power network [32] with the topology and line data as given in Fig.7 and Table IV respectively, is being utilized for validation of the proposed algorithm. [32] . Cost coefficient (k i ) for reactive power generation is set to 1 whereas coefficients for power loss, voltage deviation and reactive power cost are chosen as 2, 100 and 0.1 respectively.
Results for the 34-bus system show that the proposed algorithm is faster than the centralized approach as visible in Figs. 8(a) & (b) . It exhibits that the distributed algorithm achieves the optimal solution, equal to the centralized approach but within much less time. The detailed comparison between the proposed distributed algorithm and the centralized approach is provided in Table V , which shows that power loss, objective function and reactive power updates. Figs. 9 (a) & (b) reveal the convergence of the reactive power generations for DGs and the fair utilization ratio converges α, respectively. Fair utilization ratio attains a ratio of 0.85 for each DG, which means every DG is 85% of the maximum generating reactive power generation capability.
VI. CONCLUSION
This paper proposes a distributed consensus-based optimal reactive power control algorithm for multiple DGs in a power system. The effectiveness of the proposed distributed algorithm is validated by comparing to the centralized algorithm: PSO, for 6-bus and 34-bus systems. The proposed algorithm achieves the following four main merits.
1) The proposed distributed algorithm effectively minimizes the objective function consisted of active power loss, voltage deviation and reactive power generation opportunity cost. Only information exchange among neighboring buses is used to attain the optimal solution. 2) It has been proved that making the approximation of cos(δ ij ) = 1 can provide comparable results to the one without approximation, which simplifies the calculation at the cost of only a few more iterations. 3) Fair utilization ratio of reactive power generation is achieved for uniform utilization of all DGs. 4) The proposed algorithm is scalable in the sense that, the iteration number does not increase exponentially as the size of the system increases, as validated in the 34-bus system.
